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　　Abstract　　In this paper , Berenger' s perfectly matched layer(PM L)absorbing boundary condition for elect romagnetic w aves i s in-

t roduced as the t runcat ion area of the computational domain to absorb one-dimensional acoustic w ave for the scheme of acoust ical w ave
p ropagator(AWP).To guarantee the ef ficiency of the AWP algorithm , a regulated propagator mat rix is derived in the PM L m edium.

Numerical simulat ions of a Gaussian wave packet propagat ing in one-dimensional duct are carried out to illust rate the ef ficiency of the com-
binat ion of PM L and AWP.C ompared with the t raditional smoothing t runcation w indow s technique of AWP , this scheme show s high

computational accuracy in absorbing acoust ic w ave when the acoustical w ave arrives at the computational edges.Optimal coef ficients of the
PML configurations are also discussed.

　　Keywords:　acoustical wave propagator , perfectly matched layer , absorbing boundary conditions(ABC).

　　Recent ly , the acoustical w ave propagator scheme
which investigates the propagation and scattering of

acoust ic w aves has been developed
[ 1]
and extended by

many researchers[ 2—5] .This technique involves an ef-
fective time-domain calculation of sound propagation
using the combination of Chebyshev polynomial and

the Fourier pseudo-spect ral method , which allow s ef-
fective and accurate prediction of wave packet evolu-
tion w ith large time steps.However , as a method of
numerically simulating acoustic w ave propagation , ar-
tificial boundaries must be int roduced into the AWP

(acoustical w ave propagator)to limi t the area of com-
putation.To eliminate the spurious reflections pro-
duced by these artificial boundaries , absorbing bound-
ary conditions are needed.The traditional approach of
the AWP uses the technique of smoo thing t runcation

w indow s to smooth the outer-going w aves at the
boundary , which is not optimal enough for higher
computational accuracy.The computational edges
should be properly considered for the AWP .

The perfectly matched layer is currently a popu-
lar absorbing boundary condition for numerical model-
ing of elect romagnetic , acoustic and elastic wave
problems , which was first int roduced by Berenger fo r

elect romagnetic w aves[ 6—8] .It is based on the use of
an absorbing layer especially designed to absorb w ith-
out reflection the electromagnetic waves.In that ap-
proach , a PML (perfect ly matched layer)medium of
a certain depth is introduced in a region adjacent to

the art if icial boundary of a computational domain.
After careful design of the parameter , the impedance
of the PM L , as proved by Berenger[ 6] , is the same as
that of the interior lossless medium and then the in-
terface between the phy sical domain and the abso rb-
ing layer does no t produce spurious reflections inside

the domain of interest.Consequent ly , the PM L pro-
vides an ideal ABC for the t runcation of the computa-
tional domain in numerical methods such as the fini te-
difference , finite-element , and pseudo-spectral time-
domain methods[ 9—12] .

In this paper , the AWP algorithm in conjunct ion
w ith the PM L technique (PML-AWP)is considered
fo r one-dimensional case studies of acoustical w ave
propagation.The proper general AWP matrix is de-
rived in the PM L medium and the optimal parameter

of the PM L is also discussed.Simulation results veri-
fy that the proposed method leads to more accurate

computational result than that of the t raditional



smoothing t runcation window s of original AWP , es-
pecially in the vicinity of the computational bound-
aries.In this paper , we combine the AWP algo rithm
w ith the PM L technique and derive a regulated prop-
agator matrix.Several illustrating examples are pre-
sented to illust rate the efficiency of the PM L-AWP.

1　Some theories of the acoustical wave prop-
agator

1.1　Theory and implementation of acoustical wave
propagator

[ 1]

The technique of AWP is based on the coupled

first-o rder linear acoustic propagat ion equat ions

ρ
 v(x , t)
 t

=- p(x , t)

1
ρc2
 p(x , t)
 t

=- v(x , t)
(1)

where v(x , t)represents the acoustic particle veloci-
ty , p(x , t)is the acoustic pressure f luctuat ion , ρis
the density of the medium , and c is the sound speed.
　　

On the other hand , the linear acoustical wave e-
quation mentioned above can be described by

 
 t
Υ(x , t)=- HΥ(x , t) (2)

where x denotes the spatial coordinates , Υ(x , t)is
the state vector , and  H is a spatial derivative opera-
tor.For one-dimensional acoustical w ave equation ,
Υ(x , t)can be represented as the sound pressure
p(x , t)and the particle veloci ty v(x , t)

Υ(x , t)=
p(x , t)
v(x , t)

(3)

Then

 H =
0 ρc2

 
 x

1
ρ
 
 x

0

(4)

Integrating Eq.(2)with respect to time , we can ob-
tain

Υ(x , t)=e
-(t-t

0
) H
Υ(x , t 0) (5)

In this way , the state vecto r at any time t can be e-
valuated by the operation of the acoustical w ave prop-

agator e
-(t-t

0
) H
acting upon the initial state vecto r

Υ(x , t 0).The characteristics of the media can be in-
cluded in the AWP matrix  H.

For the convenience of the calculation , the AWP
matrix needs to be no rmalized by[ 2]

 H′=
 H

|λ|max
(6)

where  λ max is the maximum eigen-value of the

AWP matrix.Deno te R =(t -t 0) λ max , then the
acoustical w ave propagator can be expanded by

Chebyshev polynomials of the f irst kind as

e
-(t-t

0
) H
=e

-R H′
=∑

∞

n=0
an(R)T n( H′) (7)

where an(R)=2J n(R)except fo r a0(R)=J 0(R)
and J n(R)is the n th-order Bessel function of the

fi rst kind.The zero- and f irst-order Chebyshev poly-
nomials are defined as T 0( H′)=I and T 1( H′)=
 H′, and the rest can be calculated by the following
recursive relations

T n+1( H′)=2 H′T n( H′)+T n-1( H′) (8)

Eq.(5)then becomes

Υ(x , t)=e
-(t-t

0
) H
Υ(x , t 0)

=∑
∞

n =0
an(R)T n( H′)Υ(x , t 0) (9)

The spatial derivatives w ithin the AWP matrix  H are

calculated by the spectral method as

 
n

 x
nψ(x , t)=F

-1
{(jk)

n
F[ ψ(x , t)]}(10)

where F [ ] and F
-1
[ ] represent the Fourier trans-

form and the inverse Fourier t ransfo rm , respectively ,
and k is the w ave number.

The acoustical wave propagato r combines the

spect ral method in f requency-domain w ith the Cheby-
shev polynomial expansion in t ime-domain.As a re-
sult , it is a highly ef ficient calculation technique for
calculating the time-domain evolut ion of the acoustical
w ave

[ 1—5]
.

1.2　Gaussian smoo thing t runcation windows in the
AWP

In the o riginal AWP , the truncation of the com-
putational domain is simulated by introducing a Gaus-
sian truncation function in the vicinity of the compu-
tational edges.In one-dimensional case , the computa-
tional domain is set as [ x1 , x 2] and x 2-x 1=L .For
an N-gird-point Fourier pseudo-spect ral method used
in AWP , in order to minimize reflections f rom the

t runcated boundary , a t runcated w indow of length m

is implemented at the edges of x =x 1 and x =x 2 as

Wd(n ·Δ)=

0 n =0 ,1 , …, m -1 and
n =N -m , N -m +1 , …,
N -1

1 n =m , m +1 , … , N -m -1
(11)

where Δ is the spatial sample interval.To remove the
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discontinuity at x =(m -1)·Δ and x =(N -m)·
Δ, a Gaussian function G(x)is applied to convolve

w ith the w indow function Wd(n·Δ)as
[ 1]

Wd
 

(x)=F
-1
{F[ Wd(x)] F[ e

-(ξ-x)
2
/b
2

]}
(12)

where x=n·Δ and b controls the ef fective w idth of

the Gaussian function.

In the original AWP , the Gaussian t runcation
w indow s mentioned above are used as the absorbing

boundary to absorb the outgoing wave when i t arrives

at the computational edges.However , the t runcation
w indow length should be large enough to guarantee

the calculation precision , which leads to a heavy com-
putational burden.Furthermore , for higher dimen-
sional AWP , the reflection of the computational edge
becomes increasingly obvious and the simple t runca-
tion w indow s canno t absorb the out-going waves ef-
fectively.

2 　Acoustical wave propagator in a PML
medium

2.1　PML technique fo r the acoustical wave propa-
gato r

The perfectly matched lay er is realized f rom the

phy sical abso rption of the incident numerical w ave by

means of a lossy medium.This is devised using a nov-
el split-field fo rmulation of Maxw ell ' s equations
w here each vector field component is split into two o r

three orthogonal components
[ 6—8]

.The novelty of
this technique lies in the w ay through which the layer

equations are constructed.However , for one-dimen-
sional acoustical w ave , only one component exists in
the layer equations.Thus , fo r all real acoustical me-
dia and for the purposes of equation symmetry of the

o riginal PML form , we only need to int roduce two
damping coefficients , and correspondingly the first
o rder acoustic equations in a one-dimensional homoge-

neous medium should be
[ 9 , 12]

p(x , t)=-ρ
 
 t
v(x , t)-α

＊
v(x , t)

· v(x , t)=-
1

ρc
2
 
 t

p(x , t)-αp(x , t)

(13)
where v (x , t) is the acoustic part icle velocity ,
p(x , t)is the acoustic pressure fluctuation , ρis the
densi ty of the medium , and c is the sound speed of

the medium.Tw o at tenuation coefficients α
＊
and α

are introduced as damping terms.As a result , they

are included here since the PM L method relies on the

introduction of nonphy sical density at tenuation in the

abso rbing layers.To implement the PM L in the tech-
nique of AWP , Eq.(13)can be reformed as
 
 t

p(x , t)=-ρc
2
αp(x , t)-ρc

2
· · v(x , t)

 
 t
v(x , t)=-

1
ρ

p(x , t)-
α
＊

ρ
v(x , t)

(14)
For one-dimensional case , def ine a state vecto r for

sound field Υ=
p(x , t)
v(x , t)

, then Eq.(14)can be

simplified as

 Υ
 t
=-HΥ (15)

where

H =
ρc
2
α ρc

2

1
ρ

α
＊

ρ
(16)

Eq.(15)indicates the acoustical w ave propagato r e-
quations for the sound field in a PM L medium , whose

operation matrix is H.The theo ry of PM L
[ 9]
indi-

cates that if

ρc
2
α=

α
＊

ρ
(17)

then the lossy PM L medium causes unreflective trans-
mission of acoustical wave propagating normally

across the interface betw een the lossless acoustical

medium (with α
＊
=α=0)and the PML medium

(w ith ρc
2
α=
α
＊

ρ
≠0).

Substi tut ing Eq.(17)into Eq.(16), the AWP
matrix becomes

H =
δ ρc

2

1
ρ

δ
(18)

where δ=ρc
2
α=
α
＊

ρ
.Eq.(18)indicates that the

regulated AWP in the PML medium and the original

AWP in the lossless medium can be unif ied in terms

of the change of the damping coef ficients in one-di-
mensional case.It should be no ted here that the ex-
tension of the scheme to tw o-dimensional case and
three-dimensional case w ill be st raight forward.For
example , for tw o-dimensional calculation , following
Berenger

[ 6]
, the pressure and veloci ty can be expand-

ed as p=px+py and v =v x+v y , and the at tenua-
tion parameters δx and δy are introduced to rew rite
the PM L pressure-velocity Eq.(14).It should be
no ted here that , while v x and v y are the phy sical
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components of velocity , px , py and δx , δy have no
phy sical meaning s.Follow ing the similar deduction
process as the one-dimensional case , the state vecto r
for two-dimensional sound field is

Υ=

px(x , y , t)

py(x , y , t)

v x(x , y , t)

vy(x , y , t)

(19)

Then the AWP matrix becomes

H =

δx 0 ρc
2  
 x

0

0 δy 0 ρc
2  
 y

1
ρ
 
 x

1
ρ
 
 x

δx 0

1
ρ
 
 y

1
ρ
 
 y

0 δy

(20)

It can be seen from Eqs.(19)and(20)that the im-
plementation of tw o-dimensional PM L-AWP will be
the same as that of one-dimensional case.However ,
the split forms of pressure and velocity make the

AWP matrix lose its symmetry , which results in
some dif ficulties of the calculation.In addition , the
split version of the PML equations admits instability

w aves w hich , if not suppressed by numerical dissipa-

tion or other means , could ruin the numerical solu-

tion
[ 13]
.Detailed analysis of the higher-dimensional

AWP combined w ith a PM L medium is ongoing and

w ill be addressed in the following paper.

2.2　Implementation of the PM L boundary fo r the
acoust ical w ave propagator

The PML technique assumes a certain thickness

of an artificial absorbing medium at the two ends of

one-dimensional duct.As shown in Fig.1 , the com-
putational domain with an interior region and the

PML boundary regions is constructed by defining the

PM L w ith w samples leng th.

Fig.1.　Geomet ry of the AWP grid w ith the PM L boundary re-
gions.

For the lef t and right ends of the PM L regions ,
δincreases from zero to δmax smoothly from the inner to

the outer boundary.For the left end region in Fig.1 ,

δ(i)=δmax ·
w -i
w

γ

, 　i =0 , …, w -1

(21)
and for the right end region in Fig .1 ,

δ(i)=δmax ·
N -w -i

w

γ

,

i =N -w , …, N -1 (22)
where w and N are the length of the PM L layers and
the number of the AWP grid , respectively , δmax is
the maximum damping coef ficient at the outer bound-
ary and γis the order of the polynomial g rading.
However , for the interior region , to simulate a loss-
less acoustic medium , the damping coef ficient is set to
zero as

δ(i)=0 , 　i = w , w +1 , … , N -w (23)
It should be noted here that δmax is determined by the
reduct ion of acoustical w ave propagation at a distance

of Δ, which w ill be discussed and optimized in the
follow ing section.

3　Simulation results

In this section , several illust rating examples for
the combination of AWP with PM L are presented.
The one-dimensional acoustic w ave propagation is ini-
tialized by a Gaussian w ave packet as

p(x ,0)=e
-
(x-x

0
)
2

a
2

(24)

v(x ,0)=
1
ρc
e
-
(x-x

0
)
2

a
2

(25)

where x 0 is the initial position of the incident Gaus-
sian wave packet and a is the w idth coefficient of this

packet.In the follow ing simulations , the computa-
tional domain of length 20 m is chosen which is locat-
ed in [ 0 m , 20 m] .The density of air is ρ=1.21 kg/
m
3
and the velocity of sound is c=344 m/ s.The ini-

tial Gaussian w ave packet is centered at the posit ion

of x 0=15 m and the number of the total g rid points
is N =1024.The maximum damping coeff icient δmax
w ill be selected af ter some computational ef forts of es-
timating global error.

For the conveniences of the discussion , a global
no rmalized erro r function over the computational do-
main is defined as

Error(T)=10log10
∫

x
2

x
1

|p re(x , T)|
2
d x

∫
x
2

x
1

|p0(x ,0)|
2
d x

(26)
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where T is the total t ransmission time of Gaussian

w ave packet , p re(x , T)represents the spurious re-

f lected w ave in the computational domain caused by

the computational boundary.p 0(x , 0)denotes the
initial Gaussian w ave packet.

Fig .2 compares the g lobal errors derived f rom
the proposed PML-AWP with that f rom the original
AWP w ith smoothing t runcated window s at different

absorbing boundary points.The maximum damping

coeff icient(δmax=0.8)and the o rder of the polyno-
mial grading(γ=2)are used in this simulation prob-
lem .As shown in Fig.2 , the advantage of the PML-
AWP technique over original AWP with smoothing

truncated windows is obvious.Fo r the absorbing
boundary layer w ith less than 11 points , the PML-
AWP scheme achieves more than 20 dB decrease of

the g lobal no rmalized erro r.

Fig.2.　Global normali zed error of the proposed PM L-AWP and
the original AWP w ith smoothing truncated window s.

The following simulations are aimed to investi-
gate the influence of the maximum damping coef fi-
cient δmax and the order of the polynomial grading γ

on the global error.The number of the PM L points
w equals 8.

It can be seen from Fig.3 and Fig.4 that prop-
er configurations of the PM L-AWP will g reat ly de-
crease the global error.If δmax or γis small , ref lec-
tions f rom the PML ex ternal boundary will greatly in-
f luence the performance of the AWP algori thm , and
the PML layers cannot provide satisfactory absorption

of the transmitted w ave.On the other hand , abrupt
changes of the acoustical parameters are inevi table if

δmax o r γis too large , and the AWP algorithm w ill

suffer f rom the error caused by Gibbs phe-

nomenon
[ 2]
.In these simulations , we suggest 0.4≤

δmax≤0.8 and 1≤γ≤4 for higher computational ac-

curacy , minimum global error as well as numerical

stability for the PM L-AWP technique wi th eight-
point boundary layer.

Fig.3.　Global normalized error versus the variat ion of the maxi-
mum damping coef ficien t.

Fig.4.　Global normalized error versus the variation of the order
of the polynomial grading.

4　Conclusions

In this paper , to reduce the spurious ref lect ion
caused by the computat ional boundary in the imple-
mentation of AWP , a regulated AWP matrix is de-
duced for the combination of PM L w ith one-dimen-
sional AWP.Several numerical simulations are carried
out to verify the efficiency of the proposed scheme.
The results demonstrate that , af ter proper select ion of
the parameters for the PM L-AWP , higher computa-
tional accuracy is achieved and few er points of the ab-
sorbing boundary are needed when comparing the o-
riginal AWP with smoo thing t runcated w indow s.In
addition , some efforts are also made to optimize the
relevant parameters of the proposed scheme.Howev-
er , dif ficult ies remain in extending this scheme to
two-dimensional and three-dimensional cases.Re-
search aiming at dissolving these problems has been

carried out.

1016 w ww.tandf.co.uk/ journals　Prog ress in Natural Science　Vol.17 No.9　2007



References

1 Pan J and Wang JB.Acoustical wave propagator.Journal of the A-

coustical Society of America , 2000 , 108(2):481—487

2 Lu J , Pan J and Xu BL.Time-domain calculation of acoustical
w ave propagation in discontinuous media using acoust ical w ave

propagator w ith mapped pseudo-spect ral method.Journal of the A-
coustical Society of America , 2005 , 118(6):3408—3419

3 Peng SZ and Pan J.Acoustical w ave propagator for time-domain

dynamic st ress concent rat ion in a plate w ith a sharp change of sec-
tion.Jou rnal of the Acoustical Society of America , 2004 , 117(2):

492—502
4 Peng SZ and Pan J.Acoustical wave propagator technique for time-

domain reflection and t ransmission of flexural w ave packets in one-
dimensional stepped beams.Journal of Sound and Vibration , 2006 ,

297:1025—1047

5 Wang JB and Pan J.Acoustical wave propagator w ith modif ied
Chebyshev expansion.Computer Physics Communications , 2006 ,

174:187—190
6 Berenger JP.A perfectly matched layer for the absorpt ion of elec-

t ro-magnet ic wave.Journal of Computat ional Physics, 1994 , 114:
185—200

7 Berenger JP.Perfect ly matched layer for the FDTD solution of

w ave st ructure in teraction problems.IEEE Transact ions on Anten-
nas and Propagation , 1996 , 44:110—117

8 Berenger JP.Three dimensional perfect ly matched layer for the ab-

sorption of elect romagnet ic w aves. Journal of Com putat ional

Physics , 1996 , 114:363—379

9 Yuan XJ , David B , James WW , et al.Formulation and validation

of Berenger' s PM L absorbing boundary for the FDTD simulat ion of
acoustic scat tering. IEEE Transactions on Ultrasonics , Ferro-

elect rics and Frequency Cont rol , 1997 , 44(4):816—822
10 Yuan XJ , David B, James WW , et al.Simulation of acoustic w ave

propagat ion in dispersive media w ith relaxation losses by using

FDTD method wi th PML absorbing boundary condition.IEEE

Transactions on Ult rasonics , Ferroelect rics and Frequency Control ,

1999 , 46(1):14—23
11 Liu QH and Tao JP.The perfectly matched layer for acoustic

waves in absorpt ive media.Journal of the Acoustical S ociety of
America , 1997 , 102(4):2072—2082

12 Katsibas TK and An tonopoulos CS.A general form of perfect ly

matched layers for three-dimensional problems of acoustic scattering

in lossless and lossy fluid media.IEEE T ransact ions on Ult rason-

ics , Ferroelect rics and Frequency Cont rol , 2004 , 51(8):964—
972

13 Hu FQ.On Absorbing Boundary Condi tions for Linearized Euler
Equations by a Perfect ly Matched Layer.Journal of Com putat ional

Physics , 1996 , 129:201—219

Withdrawal

A multi-layer zone model for predicting temperature distribution in a fire room

CHEN Xiaojun , YANG Lizhong , DENG Zhihua , FAN Weicheng
2004 , 14(6):536—540

This manuscript is w ithdraw n from publication by the journal of Progress in Natural Science Edi tor-in-
Chief.The basis for the w ithdraw al is a violation of the Ethical Guidelines of National Natural Science Founda-
tion of China.Essent ially the materials reported in this paper were plagiarized from K.A.Suzuki' wo rk “Mul-
ti-layer zone model for predicting fire behavior in a single room” , which was presented at the 7th International
Symposium on Fire Safety Science in 2002.The corresponding author did not notice the deceit ful behavior of the
first author of this manuscript.

1017Prog ress in Natural Science　Vol.17 No.9　2007　w ww.tandf.co.uk/ journals


